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In this paper we bridge local and global approximation theorems for positive
linear operators via Ditzian—Totik moduli a)ﬁ,( f,0) of second order whereby the
step-weights ¢ are functions whose squares are concave. Both direct and converse
theorems are derived. In particular we investigate the situation for exponential-type
and Bernstein-type operators. © 1998 Academic Press

1. INTRODUCTION

In [6] it was shown that for the Bernstein operator (B,f)(x)=
S —0 P (%) f(K[n), o i(x) = () X“(1 —x)" ", the estimate

|f(x) = (B, )X < Colp(fin™Pop(x)' 7%,  xel=[0,1], (1)

holds true, where A€[0,1], ¢(x)=./x(1 —x), and the Ditzian—Totik
modulus of smoothness of second order is given by

wy(fi0):=sup  sup  [f(x—(x) h)—2f(x) + flx+ ¢(x) M),

|h| <o xthp(x)el

in which ¢: [0, 1] — R is an admissible step-weight function (for details see
[9D).

The case A=0 in (1) gives the classical local estimate whereas 1 =1 gives
the global norm estimate developed by Ditzian and Totik. Therefore (1)
bridges the gap between the local and global approximation theorems for
the Bernstein operator. Such results for polynomial approximation were
previously investigated by [7, 8 and 14].

Inequality (1) shows that the error f(x)— (B, f)(x) is bounded point-
wise by C(n™'"p(x)' ~*)* if w2.(f,6)=0(6%) and ae[0,2]. It can be
seen from [5, 16] that the converse result also holds true. With this,
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wia( f,0)=0(5%) can be characterized in terms of the Bernstein operator;
that is, the equivalence

|f(x) = (B, f)(x)] = O((n™"p(x)! =H)*) = 03 ( £, 6) = 0(0%)

holds true for all «e€(0,2) and A€[0, 1].
Moreover, in [10] inequality (1) could be further extended to the
more general inequality

|f<x>—<an)<x)|<Cw;<ﬂn—“2¢((j3), xe[011. ()

whereby ¢: [0, 1] — R is an admissible step-weight function of the Ditzian—
Totik modulus (see [9]) and ¢? is a concave function. Obviously (2)
includes (1) if ¢ is replaced by @* Ae[0,1]. It was also proved in [10]
that an inverse result to (2) holds true; ie., «€ (0, 2) and

|f(x)— (B, f)x) <C <n_1/2 (15(())5))>a’ xe[0,1], n=1,2,..,

implies wj(f, 0) < C,0% if, in addition, ¢?/¢* is concave, which is fulfilled
for ¢ = @* A€[0, 1], in particular.

In this paper we investigate the situation more generally for other
positive linear operators. Section 2 provides direct estimates for arbitrary
positive linear operators which will be applied to exponential-type and
Bernstein-type operators. In particular we obtain similar estimates (2) for
the Szasz-Mirakjan, Kantorovich-type and Durrmeyer-type operators. We
also show that similar estimates hold true for a class of Bernstein-type
operators which are “not far away” from the original Bernstein operator.
Section 3 establishes inverse results for positive linear operators.

2. DIRECT RESULTS

We shall study here positive linear operators of continuous functions
which are defined on finite or infinite intervals /< R. Without loss of
generality, let 7 be one of the intervals [0, 1], R;” or R. Different intervals
can be obtained by affine linear substitutions.

We will use the weighted K-functional of second order for fe C(I)
defined by

Ki(f0%):= inf (|f—gl+0*l¢%"l). =0,

g'edAC, (I)
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in which || denotes the uniform norm on 7 and g'€ AC,,.(I) means that
g is differentiable and g’ is absolutely continuous in every closed finite
interval [a, b] < I. Moreover, the Ditzian—Totik moduli of first order are

given by
h h
wdfoyi=sw s (s ) s (x-o003 )

lhl <6 xx(h/2) p(x)el

and

@y(f.0):=sup  sup  |f(x+d(x) )= f(x)].

|h| <O x, x+hd(x)el

Given that ¢: I - R is an admissible step-weight function it is well known
that K-functional K7( f, %) and Ditzian-Totik modulus wj( f, d) are equiv-
alent. Likewise @y( f, 0) and wy( f, J) are equivalent (cf. [9]).

Now we can state the following result.

THEOREM 1. Ler I€{[0,1], Ry, R} and A: C(I) - C(I) be a bounded
positive linear operator which preserves constants. In case I=1[0,1] let
|A(e—x)(x)| <3 If Y, ¢: 1> R are functions with Y an admissible
step-weight function of the Ditzian—Totik modulus and with ¢* concave then
the pointwise approximation

A((°X)2)(X)>

A=
() — (AN <y <f, M) 4K? <ﬁ o

holds true for xel and fe C(I).

Proof. First we construct a new operator A=A+ L which also pre-

serves linear functions. For that let (4, f)(x) = f(x+u)— f(x) and
ZTA(. oS )(x) if x+A(e—x)(x)e 3
e iy O YR

for x el (Because of assumption |A(e—x)(x)| <3 for I=[0, 1] the right
side of (3) is well-defined for all xe [0, 1].) A simple calculation shows that
Al=1 and A(e—x)(x)=0.

Now let x e be fixed and g: I — R with g’ € AC,,.(I) be arbitrary. From
Taylor’s expansion

8(0)=gx) + g —x)+ [ g)i—s)ds. 1€l

X
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we see that

(g - e = ([ g)e=5)ds | () )

For each s=t+1t(x—1¢), 7€[0, 1], we can estimate (using the concavity

of ¢?)

lt—s| T|x — | T|x — ¢ |x —¢]

= < < . 5
P06 Pt —0) PO+ P — P S P )
Therefore
[ groni—s s <ot |[ 1 ‘
<loe "|‘ j
(z—x)z
= | ¢p%e” 6
196" s (6)
and by positivity of 4
S 2 Al(s—X)? (%)
A(Lg(s)( s)ds)( N

Although the operator L is not positive we can estimate by means of (6)
as

r+u g'(s)(x+u—s)ds

X

A,([ =) )| -

<191l 535

and therefore with u := +A4(e— x)(x)

(A(+ =) (x)

<101

‘L ([ g'ne—sras) o

Moreover, by application of the Cauchy-Schwarz inequality we have

[(Af)(x)] </ (A)(f?)(x) (since for the positive operator 4 we have the
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representatlon (Af)(t j 7 f(u) do,(u), where o, is increasing and satisfying
{7 do,(u)=1). This glves

(A(e—x)) (x) S A((e—x)*)(x). (7)
Together with (4) we arrive at

(Ag)(x) — glx)] < 2D ooy
70)

for all g with~g’ e AC,, (I).
Because ||A|| < [|4]| + || L] <3 we obtain, for fe C(1),

L)) — f00l < 1A — )] + 1g(x) — £(0)] + [(Ag)(x) — g()
A=)
<4<|f g\|+7¢() 1% )

Taking the infimum on the right hand side over all g with g'€ AC,, (1) we
obtain

A((-—X)z)(X)>

(A0~ sl <4k (£ A

and consequently,

A((-x)ﬂ(x)) )

(410 = 000 <L+ 43 (£

Because

|(ZTA(o—x)(x)f)(x)|

|, A(s—x)(x)\

= |1 (oo H ) g
Ay

<t,t+x//(t)-(A(solipx)(x)/l//(x))el f<t+ vi) Y(x) S

@w(ﬂlm-—x)(x)l>

Y(x)
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the estimate
IA(°—X)(X)I>
Y(x)

holds true. Finally, inequalities (9) and (8) give the statement of the
theorem. ||

(Lf) ()] <3, <f, 9)

The construction of A=A+ L in the proof of Theorem 1 via the
operator (3) follows an idea similar to that in [4, proof of Theorem 2.27.

COROLLARY 1. Let A,, and ¢ be given as in Theorem 1. If, in addition,
¢ is an admissible step-weight function of the Ditzian—Totik modulus then

) — (A |<c<%<fw>+w;<ﬁw>>
(10)

for xeI and f € C(I), where the constant C depends only on  and ¢.

COROLLARY 2. Let A and ¢ be given as in Theorem 1. If, in addition, ¢
is an admissible step-weight function of the Ditzian—Totik modulus and if A
preserves linear functions then

/() — (Af)(x)] < Co <.ﬁ

for xel and f € C(I), where the constant C depends only on ¢.

For a sequence of positive linear operators 4,: C(I) - C(I), n=1,2, ...,
Theorem 1 and the corollaries yield the rate of pointwise approximation of
functions with respect to the rate of pointwise approximation of x and x2.
Thus the measurement of the error depends on the step-weight functions
Y and ¢. Because of the relatively free choice of y and ¢ we can bridge
the gap between the local and the global approximation when in
A,((e—x)?)(x) the variables n and x can be separated from each other. If
we impose the estimation

A, ((e—x)H)(x) < C,o%(n) - p*(x) for xel, neN, (11)

in which ¢@: I— R, ¢? concave, and a(n) tends to zero for n— oo then it
follows, by inequality (7) and Corollary 1 with y := ¢, that

170~ (a1 < Co (0, £ron S )+ 03 (£otm ). (12)
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In view of the assumed concavity of @2 (12) yields for ¢ =1 a local and
for ¢ =¢ a global estimation of the approximation error. Consequently,
(12) bridges both local and global results.

If 4, preserves linear functions, the implication

wy(f;0)=0(6) (0> 0)=|f(x) = (4, /)(x)<C <‘7(”) (p>°‘ (n—o0)
(13)

holds true for a € (0, 2]. Unfortunately, if 4, does not preserve linear func-
tions then (13) is fulfilled only for ae (0, 1) for the present because
a)¢ (f, ) = O(6%) implies only that a)¢ (f,9) 5 0%) for ae (0, 1). Thus, the
modulus of first order wy( f, a(n) ¢(x)/d(x)) in estimation (12) essentially
decelerates the rate of convergence. However, with respect to Theorem 1,
this term can also be taken as w,(f, |4(e—x)(x)|/t(x)) for other choices
of admissible step-weight functions s of the Ditzian—Totik modulus. In the
case of Bernstein-type operators it will be seen that the error bound (10)
can be improved by suitable choices of .

The question arises as to whether the converse result to (13) also holds
true. This question will be discussed in Section 3.

Now we shall illustrate the above theorems by some positive linear
operators. Let us first consider the exponential-type operators

(L, f)(x jWn x,u) fu)du, xel, neN, (14)
where W(n, x, u) >0 fulfills the conditions
J Wn, x,u)du=1, xel, neN,
I

and

=—— W(n, x, u)(u—x), xel, neN,
@ (x)
where ¢ is an analytic function in the interior of 7 (cf. [12]). L, is a

positive operator since W(n, x, u) > 0. Simple calculations [ 12] show that
L, preserves linear functions and
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If 2 is concave on I then with Corollary 2 the estimate

() — (Lo f)(x |<Cw¢<fn“/2m> (15)

holds true. In particular this is fulfilled for the operators of Gauss—
Weierstrass  (@(x)=1) Szasz-Mirakjan (¢(x) =\/;c), and Bernstein
(p(x)=+/x(1 —Xx)). Section 3 shows that an inverse also holds true.

It cannot yet be said whether inequality (12) also holds true for the
operators of Baskakov (¢(x)=./x(1+x)), Post-Widder (¢(x)=x), and
Ismail and May (¢(x)=./1+ x?). In these cases @*(x) is not concave.

Let us now consider Bernstein-type operators given as

(B0 = X ()3 1= hpuf), wel01 (16)
k=0

where 4, ,€C[0,1]* are bounded positive linear functionals. These
operators were considered before in serveral articles (e.g., [11]). For
the specific functionals Jom, k(f) SUe/n), 2 ((f)=(n+1) [EEDGD f(2) dr
and 4, ((f)=(n+1) [§ f(t) p, (1) dt the operator (16) is the original
Bernstein, the Kantorovic, and the Durrmeyer operator, respectively.
Obviously, B, preserves constants if 4, (1) =1 for k=0, ..., n. In Section 3,
in addition, we will assume that B,(/1,) < I, where II, is the space of
algebraic polynomials of degree at most one, is fulfilled.

It should be pointed out that (11) is not fulfilled for all Bernstein-type
operators if we set ¢(x)=./x(1 —x). But the following theorem contains
conditions (17) for which the inequality is valid.

THEOREM 2. Let ¢(x):=./x(1—x) and ¢:[0,1] = R be an admissible
step-weight function of the Ditzian—Totik modulus with ¢* concave. Let B, be
deﬁned by (16) and A, , € C[0,1]* be positive linear functionals with
Imi(1)=1 for k=0, ..,n. If

Ao f)=11(0),  4,(f)= /(1) (17)

and

k 2 1 2y
i<<—>><M<> neN, k=0,..n. (18)
n n
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for constants M =0, y =1 independent of n and k then the estimate

() = (B, )(x)| < <w¢a<fn”"‘/2(;((;c))>+ ¢<fn‘”2z,§((ff))>>
(19)

holds true for all xe [0, 1], fe C[0, 1], and «€(0, 2], where the constant C
depends only on ¢ and o.

Proof. Following the same arguments as those in (7), the Cauchy-
Schwarz inequality and (18) show that

ln,k<-—/;>< in,k<<-—l;>2><¢n]?. (20)

By using (17) and (20) we obtain

B(+—2)(x)| = (+—)
= v n, k /Ink
I a2
S =L 1
Moy e1)

for e (0, 2]. If we set g(x):=1—x"— (1 —x)" we have

g(x)=(1—x) <n21 (1 —x)"—1> <n(1—x)
k=0

for xe[0,1]. This also implies g(x)=g(1 —x)<nx. If we let xe[0, 1]
then 2(1—x)>1 and g(x)<nx-2(1—x). In the same way we obtain
g(x)<n(l—x)-2x for xe[4, 1] and therefore

I—x"—(1—x)"<2nx(1 —x) for xe[0,1]. (22)

From (21) and (22) we obtain

|B,(e—x)(x)| <272 /M n~7**2p%x),  x€[0,1], neN. (23)
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On the other hand, by using the inequality (r +5)><2r?2+2s% r, se R, we
see that

(24)

With the aid of (22) and assumption y>1 we obtain

4M+2
n

P*(x),

B,((+—x)*)(x) <

which, with (23) and Corollary 1, y := ¢*, concludes the proof. ||

Remark. Especially for « =1 Theorem 2 gives

170~ B0 < €y (£ 2 S ) o (28 ) 2s)

If (18) is fulfilled only for y with 0 <y <1 one can obtain (estimating (24)
by means of (22)) the weaker estimate

/() = (B, f)(x |<c<w¢<f,n—“”z;’j(()f))>+wé<ﬁn‘”‘”z((g>>

for xe[0,1].

Theorem 2 gives local and global estimations of the approximation error
f(x)—(B,f)(x) if B, is, with respect to (18), “not far away” from the
original Bernstein operator. Condition (17) ensures that B, f interpolates [
at the endpoints 0 and 1.

Estimates of f(x)—(B,f)(x) in terms of A,(X)=>7%_¢ Pu(X) A, s
((e—k/n)?) can be found in [11]. In opposition to our results (via Ditzian—
Totik moduli of smoothness with various step-weight functions) the local
behaviour of functions in [ 11] is measured by maximal Lipschitz function
S5 (x) (see [11, Theorem 2.3]).

Because of the specific choice of the first step-weight function ¢* in
Theorem 2 we achieve the following result.
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COROLLARY 3. Let the assumptions of Theorem 2 hold true. If ¢(x) <1
then the Bernstein-type operators (16) fulfill

031, 6)< Cy5* = |f(x) — (B, /x| < Cs <n—“2 ‘;(()f))) (26)

SJor xeI and o€ (0, y]\{1}, where the constant C, depends only on ¢, Cy,
and .

Proof. Marchaud inequality (see [9, Chap. 4]) gives

: cwi(fiu :
outor<clo] P i),
S u
where ¢ >0 is any fixed constant. Consequently, w;( f, 0) = 0(06%) implies
0(9%), ae(0,1)
wy(f,0)=140(dlog|o]),  a=1 (27)
0(9), ae(l,2].

If «e(0, 1), then by (25) and (27)

/() = (B,f)(x)| =0 << i z((ﬂ)) >

which gives the required statement for y=1. To prove the case y>1 let
e(1l,y]. Assumption ¢(x)<1 yields ¢*(x)<¢(x), and therefore
wya(f,0) < C‘w¢(f, 0) (cf. [9, Chap. 4]). By (27) and Theorem 2 this gives

i @) [ 90N
09— (B0 < € e G (e S0 )

el i)

cxfo 3

forae(l,y] and a <2. If a > 2 then wé(f, 0) = 0(0%) implies that f'is linear
(see [9, Chap. 4]). By (23) and ¢(x) <1 we have

for a €[2, y], which shows that (26) holds true. |
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We shall now investigate the present situation for Kantorovich-type
operators

—1

(K;sz)(x):f(o)l?no + Z pnk ) f +f pnn XE[O,I],
k=1 (28)

whereby the functionals are given by

1
In,k

N =p—] s

for certain subintervals 7, , = [0,1]. For the sake of brevity let us set
[a,b]l=1[a,x,b,r]=1, . Then a short calculation gives

k\? 1 k k
1 *— — = — —_ 2— —_—— —_——
ial(+=3) )3 0-ar=(-alle—3)
k\? 1 ok
)bfl’k<<.—n> ><3 1, «]? if zeln,k.

If we assume that |/, .| = O(1/n®) for any s>1, then Corollary 3 shows
that

and therefore

2 _ AN (KT _ —12M *
W31 0)= 00 = i)~ (&Ll =0 (2 E5) ) 29)

for ae (0, s]\{1}. In the case of the original Kantorovich functionals, that
is, I, x =[k/(n+1), (k+1)/(n+1)], we obtain (29) only for a € (0, 1) since
|1, x| = O(1/n). If we set

then (29) will be valid for a e (0, 2]\{1}.
Finally, let us consider Durrmeyer-type operators

n—1

(Df,f)(x):f(o)Pno + Z pnk ) f f pnn XE[O,I],
=t (30)
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where the functionals are defined by (see [11, 13])

SO t)pcn ck )dt

[0 poaydi = =Ll 520
0 cn,ck

] =

The calculation

k\? k2
i ((+=5) ) =) =25 200+

_ (ck+1)(ck+2) kck+1+k2
" (en+2)(en+3) nen+2

ckn?* — nck? + 2n® — 6nk + 6k?
(en+2)(cn+3) n?

_ k/n—k*/n* +2/cn — 6k/cn® + 6k*/cn’
B (14+2/cn)(cn+3)

k\? 9
)”'I)k ._; <nl+s

for ne N and k=0, ..., n. Corollary 3 gives

establishes

2 _ o s _ —IZM *
W31.0)= 06 = (D310 s =0 (w2 22)) )

for ae (0, (145)/2]\{1} and all Durrmeyer-type operators D3 with s> 1.
It should be noted that the original Durrmeyer functionals are excluded.
3. INVERSE RESULTS

In order to investigate an inverse to (13), a lemma will be needed first.
Lemma 1 generalizes a lemma of Becker [ 1, p. 138] for finite intervals.

Lemma 1. Let ¢:[a,b] = R, ¢ £0, be a function with ¢* concave. Then
forall xe[a,b], h>0, with x+he[a, b] the inequality

JW fh/z ds dt < h?

w2t np QX+ 5+ 1) $*(x)

holds true, whereby 8log 2 can be chosen as the constant C.
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Proof. We first show that

B2 k2 dys dt h?
41og?2 f h, o0). 32
j—h/zj h/2x+s+l <( og) or xe[h ) (32)
If x>h and x —h<h, we see by means of (47 f)(x):=f(x+h)—2f(x)+
f(x—h) that

2ok dsdt w2 eh2 s dt
=Aj(ul h)=(2log2)-h
jh/zj h/2x+s+t fh/zf wah+s+t slulogu)(h)=(2log 2)

2 2

h h
—(4log2) —<(4log2) - —
(og)zh(og)x

On the other hand, if x —/4 >/h then

2
fh/:/z fh/z dsdt__ jh/:/z fh/z dsdi  2h

apx4s+t ) px—h x—h+x—h

2h? 2h?
<—="—
x—h+h x

>

which proves (32).
Now we need a lower estimate for ¢*(x+s41), xe(a, b). If we let
uela,x], then u=a+1(x—a), 1=(u—a)/(x —a), and by concavity

u—a

$*(u) = §*(a) + 1($*(x) — d*(a)) > ¢*(x)  for wuelax]. (33)

X—da

Likewise, for u=x+1t(b—x)e[x,b], t=(u—x)/(b—x), we obtain the
estimate

P (u) = $*(x) + T($*(b) — $*(x)) = ¢*(x)  for ue[x,b]. (34)

Considering (33) and (34) for u=x+s+¢ in conjunction with (32) for
x—a,b—xe[h, o) we finally obtain
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J~h/2 J~h/2 dS dl
_apdomp pH(x+s+1)

S
Us,ze[—h/z,h/zj s, te[ —h/2, h/2]

s+1<0 s+1t=0
x ajh/z fh/z ds dt fh/2 fh/z ds dt
h2 h/2x+S+t—a h/2 h/2b X—8s—1t
X—a M2 h2 ds dt b—x h2 rh2 ds dt
:WJ h/zf—h/z( - )+S+f+(/72(x)J—h/zj—h/z(b—x)+(s+f)
2 2 2
<(4log2) <(’; (x”; xh_a+22(xx) bh_x>=(810g2)-¢2(x). i

THEOREM 3. Let Ie€{[0,1], Ry, R} and ¢:I— R be an admissible
step-weight function of the Ditzian—Totik modulus. Moreover, let A,: C(I) —
C(I), ne N, be bounded positive linear operators so that

(A4, /)" ()| < Cy—— oy A for xel, feC(I) (35)

)

and

19%(A4,8)"| < C, lI¢%¢" | for g'e AC, (D), (36)

where ¢2, 92, and @?/¢* are concave functions on I. Then for fe C(I) and
o€ (0,2) the pointwise approximation

|f(x)—(A4,/)(x)|<C,4 <n_1/2 my’ xel, n=1,2,.., (37)
implies

W3(f,8) < C40%  5>0.

Proof. Let xel and h so that x+hel and let (47 f)(x)=f(x+h)—
2f(x)+ f(x —h). Both summands in

(A5 S (AG(f = A, N+ (454, 1)(x)]

shall be estimated. In order to estimate the first summand, we can use the
fact that ¢?/¢? is concave. If we let u=c+(1/2)(d—c)e[c,d] for any
[¢,d] =1 then
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showing for ¢ =x—h, d=x+h, and u = x the inequalities

(x—h) *(x)

Ax+h
Fe T

® ® @*(x)
h) = ¢*(x) P*(x+h) " $(x)

N

(38)

Thus, in view of assumption (37), we obtain
2 - (p(x+h)>°‘ <P(X)>°‘ w(x—h)>°‘> o2
AXf—A <G, 2
i< () w2 (55 + (G )

<(22+2)C <¢( ))>an_°‘/2. (39)

By reason of the fact that K3(f, 0%) and wj(f,d) are equivalent we can
choose g=g;€ AC,, (1), 6 =0, so that

If =gl <Awjy(f.0)  and  [§%¢"| <BO~*wi(f, J).

From (35) and (36) for y € I we see that

(A, ) D) < [(Au(f=8)" (W] +1(4,8)" (¥)]

Cln
If—gll gl
co () U ¢( )
) U0
Use of Lemma 1 gives
(454, /)(x)]
2o b2
_f j F)x+s+1)" ds d
—h2 h/2

ST 1 1 ds dt w3(f, 6
e h/2< (x+s+t)+52¢2(x+s+l)> s dt y( 1, 9)

nh? h?
(G T
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for all x with x +he I Replacing /& by h¢(x) gives
h2¢2( ) hz
(A1 < s (R4 55 it £.0)
for all x with x +A¢(x) e I. Together with (39) we have
P\, nh2¢2(X)
(B 00 < | (BY oo (D 20N 1)

Now choose n so that

QD(X) —12 M —1/2
R e L

Thus

h2
(A2 /) < C <5“+ 0l 6))

for all x with x + h¢(x) € I. Taking supremum over all & with 0 <h <t we
obtain

2

a)¢ft)<C7<5°‘ f5)> 0<t<4,

which yields the assertion of the theorem by the well-known Berens and
Lorentz lemma [2]. |

The assumption of Theorem 3 that “¢?/¢? is concave” is needed only for
the purpose of deriving the estimations in (38) and (39). Therefore the
statement of Theorem 3 also holds true if the concavity of ¢?/¢? is replaced
by the inequality (@*(x + ))/(¢*(x + 1)) < C(p*(x)/d*(x)), for x, x +te L.

We now investigate the operators considered in Section 1. We begin with
the exponential-type operators L, given in (14) whereby

@2 is a polynomial of degree at most 2 without a double zero,
@?(x) #0 inside of I and ¢(x)=0 for finite endpoints of I (40)

and

—(u—x)| (u—x)*Wn, x,u)du <M, (41)
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where o =min{x, x + (p*(x))'/n}, f=max{x, x + (p*(x))'/n} and M must
be an absolute constant mdependent of n and x. Condition (41) has been
imposed by [15].

LEMMA 2. Then for every concave function ¢*: I — R the estimate
Hqsz(Lng " CH¢2 ” g’EACIoc(I)a neNa

holds true for any constant C independent of n, g, and ¢.

Proof. By Taylor’s formula we have
(L,g)" (x)

-] {j Wn, x, u)Hg(ng'(x)(uxHj” (u—s)g"(s )ds}d

X

and by reason of

2

d .
f {2 Win, x, u)] (u—x)'du=0 for i=0,1,
I dx

we obtain,

2

(Logr =] |

) dsz(n,x,u)} f"(u—s) "(s) ds du.

X

By positivity of L, and (5)

2 u p—
9002 (Lyg)" (< 1% [ |7 Won x| [ ';‘z(:)' ds‘duqﬂx)
2 u
<1871 | |5 Won x| || u— x| ds | du
<|l¢%e"| L 2 W(n, x, u)| (u—x)?du.

Satd showed in [ 15, Sect. 3] that in view of (41) the integral on the right
hand side can estimated by 4 + (¢*(x))"/n+ 2J (J given by (41)). This gives
the required inequality. [

THEOREM 4. Let L,, neN, be the exponential-type operators (14)
satisfying (40) and (41). If ¢2, >, and ¢?/* are concave functions on I then
the statements
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() 1=zl =0((n 25 e =12
$(x)
(i) wj(f,0)=0(5%), 0>0,
are equivalent for fe C(I) and o€ (0, 2).
Proof. By reason of
N n
(L, )" ()N <Cy—5— 27(x) 11

(see [15, p. 40]) it follows, with Theorem 3 and Lemma 2, that (i) implies
(i1). Implication (ii) = (i) follows immediately from (15). ||

Theorem 4 combines the local (¢ =1) and the global ¢ = ¢) estimates in
direct and converse cases. For Bernstein (¢(x)=./x(1 —x)) and Szasz-
Mirakjan (¢(x) :\/;) operators in particular we then have

|/(x) = (L, f)(x)] = O((n™ 201 = D(x))") = 03:(f, 9) = O(5%),

for all A€[0,1] and a€(0,2). The question is open as to whether the
equivalence holds true for Baskakov, Post-Widder, and Ismail and May
operators.

For the Bernstein-type operators given in (16) we show

LEmMMA 3. Let ¢(x)=./x(1—x), B, be deﬁnedby (16), 4,,,€C[0, 1]*
positive linear functzonals wu‘h Imi(1)=1 for k=0, .., n and B, (I1,)=11,.

Then for all fe C[0, 1]

2,
(B, f)" (x)] <an> Ifl, xe[0,1], neA. (42)

k2 1\2
ln,k<<-—>><M<>, neN, k=0,..n,
n n

for any constant M =0 independent of n and k then

If

1¢%(B,8)"Il<C 4%"],  neN, (43)

holds true for g’ € AC[0, 1] and ¢: [0, 1] = R with ¢* concave. The constant
C in (43) can be replaced by 12M + 16 /M + 8.
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Proof. Let p, «(x)=(}) x*(1 —x)"~* By differentiating (16) we obtain
(following [ 3, Chapt. 10, Sect. 5])

(B, f) (x)] = ‘( 5 (k — 1) py () nm)
(P —
S (1= 20) k= 1) py () o ()
I "
<l <l LA P (1= 2x) k—nx?] py ()
LRIV
@ (x)

which shows (since |4, ;| =1) the first stated inequality (42). The second
inequality (43) is obviously fulfilled for »=1. Hence we assume n>2. We
use p, (x)=n(p,_1 x_1(x)—p,_1.:(x)) to obtain the representation
(which has been used also in [11, (2.15)])

n—2

(B,g)" (x)=n(n—1) Y p,_s(x)(An x12(8) = 2%p x11(8) + 4, 1(8)).
k=0 (44)

Due to the fact that 4, ,,»(f) =24, 1+ 1(f) + 24, (f) =0 for f(x)=1 and
f(x) =x, which immediately follows from (44) and B,(I1,) < I1,, we derive
by Taylor’s formula

k+1 k+1 k+1 t
I D e e

for g'e AC[ 0, 1] that

(B, g)" (x)=n(n—1) Z Pn—2ilX

x(ﬂu,,,m—zzn,kﬂ+An,k>(j( (=981 ).

k+1)/n

Use of the positivity of the functionals 4, ; and inequality (5) for concave
functions ¢? gives
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|%(x)(B, &)" (x)| <¢*(x) [4%¢" | n(n—1)

an 2k

t
X U2+ Vo1 4 ) <j
(k+)/n

n—2

<X

k=0

2((k+1)/n)

¢*(x)

|2 —sl

$*(s)

162¢" 1l n(n — 1) P2 &(x)

.

. k+1\?
><(ln,k+2-i_2’/ln,k+l-"_/Ln,k) <t_ > . (45)

n

The summand on the right hand side can be estimated as (using (20))

1\2 k+i\? 1—i k+i 1—1i)?

) =i (=50 2 () )
n n n n

1 I1—i] (1—i)?
SM—5+2 /M —— .

and consequently this gives

k+

)“n,k+i<t_ n

for i=0,1,2

k+1> (3M+4\/M+2i2 (46)

Uizt Dinas + ) (1=

In order to estimate, ¢%(x)/¢*((k + 1)/n) in (45) we show the following two
inequalities. Let ae [0, 1]. Then

Zig;ﬁ:i for xe[0,a], (47)
f;g;gz for xel[a 1]. (48)

Now if we let x€[0,a], then a=x+ (1 —x), t=(a—x)/(1 —x), and

F(@) > 200+ 1$2(1) 0 > (1 1) () =1 4700,

showing that (47) holds true. In the same way, inequality (48) is estab-
lished by
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for xe[a, 1], a=0+1(x—0) with t=a/x. If xe[0, (k+1)/n] then (47)
with a=(k +1)/n gives

$(x)?

mpn—Z,k(x)
_1=x (x)
XX 1 —(k+ 1)/npn—2,k
n (n—2)

Xk(l _x)n—l—k

Tn—1—kKk(n—2—k)

(n—1)!
kl(n—1—k)!

=2p, 1x(x)  for n=2. (49)

xk(l _x)n—l—k

If xe[(k+1)/n, 1] we deduce from (48), a = (k + 1)/n, that
$(x)?
P*((k+1)/n)

- nx
\k+1pn—2,k

_n (n—2)!
Ck4+1k(n—2—k)

(n—1)!
(k+1)(n—2—k)!

=2pn_1+1(x)  for n=2. (50)

pn—2,k(x)

(x)

k+1(1 )nfsz

X —X

<2 xk+1(1_x)n727k

Now taking (45), (46), (49), and (50) into account, we obtain

1
[42(x)(B, g)" (x)] < %" 5 Z 2(Pn—1,6(X) + Pui e +1(X))

k=0

x3M+4VGZ+m
<|¢8" ] 43M +4 /M +2),
which completes the proof of the lemma. ||
Finally, we arrive at

THEOREM 5. Let o¢(x)=./x(1—x) and ¢:[0,1]1—>[0,1] be an
admissible step-weight function of the Ditzian—Totik modulus.
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Let B, be the Bernstein-type operators (16) with positive linear functionals

I € CLO, 11 satisfying 7, o(f) = f(0), 2, o(f)=/f(1), A, u(1)=1,
k=0, .., n, and

k 2 1 2y
e (- EP)n (O men. keon
n n

for constants M >0, 1<y<2 independent of n and k. Moreover, let
B(IT,) = IT,. If ¢* and ¢?/$* are concave functions on [0, 1] then

| f(x)—=(B,f)x)|=0 <<n_1/2 ¢((;C))>a>, xe[0,1], n=1,2, ..,

and
W2(f.0)=0(0%), >0,
are equivalent for € C[0, 1] and ae (0, y)\{1}.

Proof. Corollary 3 and Theorem 3 in combination with Lemma 3 give
the equivalence. |I

Thus the above equivalence is valid for Kantorovich-type operators K
in (28), ie.,

0= (&Ll =0 (w228 ) = it f.0)= 0107)

for ae (0, p)\{1} if |1, .| =O(1/n"), ye[1,2], and I, , = [a,, b, ] are sym-
metric intervals around the points k/n. Obviously (because of the definition
of the functionals) 4, (1)=1 holds true and because of 4, ,.(f)=
(ar+ by)/2 =k/n for f(x)=x the assumption B,(II;) = I1; of Theorem 5 is

valid. The same holds true for Durrmeyer-type operators D>~ 'if ye[1, 2]
(see (30), (31); for DZ~(I1,) = I, see [13]).
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